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 Ramsey Numbers for Matroids
 T ALMAGE J AMES R EID
 Let  k  and  l  be positive integers . The Ramsey number  r ( k ,  l ) is the least positive integer  r
 such that every graph  G  with  r  vertices contains either  k  mutually adjacent vertices or  l
 mutually non-adjacent vertices . A matroid version of the Ramsey number is defined in this
 paper . Results which are strikingly similar to the classical graph theorems are obtained . For
 example , the upper bound of ( k  1  l  2  2 k  2  1  ) for  r ( k ,  l ) of Erdo ¨  s and Szekeres has an analogue in the
 matroid Ramsey numbers considered here .
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 1 .  I NTRODUCTION
 There has been interest in extending Ramsey type statements to matroids [5 ,  6] . In
 this paper a matroid version of the Ramsey number is considered . The existence of the
 Ramsey numbers  r ( k ,  l ) implies that a graph with bounded orders for both its complete
 and independent subgraphs has a bounded number of vertices . This surprising
 phenomenon of graphs has an analogue in the class of connected matroids . It was
 shown by Lova ´  sz , Schrijver and Seymour that a connected matroid with bounded
 cardinality for both its circuits and cocircuits has a bounded number of elements (see
 Theorem 7) . It is natural then to construct Ramsey numbers for matroids replacing the
 complete and independent subgraphs considered in classical Ramsey theory by circuits
 and cocircuits of matroids .
 D EFINITION 1 .  Let  k  and  l  be positive integers . Then  n ( k ,  l ) is the least positive
 integer  n  such that every connected matroid  M  with  n  elements contains either a circuit
 with at least  k  elements or a cocircuit with at least  l  elements .
 The purpose of the paper is to illustrate the similarities between the Ramsey
 numbers  r ( k ,  l ) and the matroid Ramsey numbers  n ( k ,  l ) .  In order to do this , we
 provide analogues in the matroid Ramsey numbers to classical graph theorems on
 Ramsey numbers . For example , the following fundamental result on Ramsey numbers
 of Erdo ¨  s and Szekeres [4] is considered here .
 T HEOREM 2 .  Let k and l be positi y  e integers exceeding one . Then :
 (a)  r ( k ,  l )  <  r ( k  2  1 ,  l )  1  r ( k ,  l  2  1) ;
 (b)  r ( k ,  l )  ,  r ( k  2  1 ,  l )  1  r ( k ,  l  2  1)  if r ( k  2  1 ,  l )  and r ( k ,  l  2  1)  are e y  en ;
 (c)  r ( k ,  l )  <  ( k  1  l  2  2 k  2  1  ) .
 The next theorem is the main result of the paper . It provides analogues in the
 matroid Ramsey numbers for each of parts (a) , (b) and (c) of Theorem 2 .
 T HEOREM 3 .  Let k and l be integers exceeding one . Then :
 (a)  n ( k ,  l )  <  n ( k  2  1 ,  l )  1  n ( k ,  l  2  1)  2  1 ;
 (b)  n ( k ,  l )  ,  n ( k  2  1 ,  l )  1  n ( k ,  l  2  1)  2  1  if k and l exceed two , k and l ha y  e dif ferent
 parity , and n ( k  2  1 ,  l )  and n ( k ,  l  2  1)  are e y  en  ;
 (c)  n ( k ,  l )  <  ( k  1  l  2  4 k  2  2  )  2  1  if both k and l exceed three .
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 In Section 2 we prove the existence of the numbers  n ( k ,  l ) .  Then all values for these
 numbers with  k  or  l  at most four are given in Theorem 8 . This result combines with
 Theorem 3(c) to yield the general upper bound for  n ( k ,  l ) .  In Section 3 we prove
 Theorem 3 . The value  n (5 ,  5) is computed using a geometric argument in Theorem 10 .
 Then an upper bound for  n (5 ,  l ) is derived .
 The matroid definitions and fundamental facts mentioned in the remainder of
 Section 1 may be found in Oxley [7] and Welsh [11] . Let  M  be a matroid .
 Three-element circuits of  M  are called  triangles .  The ground set of  M  is denoted by
 E ( M ) .  A set  H  Ô  E ( M ) is a  hyperplane  of  M  if f its complement  E ( M )  \  H  is a cocircuit
 of  M .  Let  X  Ô  E ( M ) .  Then  cl ( X  ) and  r ( X  ) denote the closure and rank of  X  in  M ,
 respectively . The deletion and contraction of  X  from  M  are denoted by  M  \  X  and
 M  / X ,  respectively . The circuits of  M  \  X  are the circuits of  M  which do not meet  X .
 The circuits of  M  / X  are the minimal non-empty members of the set  h C  2  X  :  C  is a
 circuit of  M j .  The next useful observation follows from these facts about circuits .
 L EMMA 4 .  Let C be a circuit of a minor N of M . Then either C is a circuit of M or M
 contains a larger circuit than C .
 A matroid  M  is  connected  if f every distinct pair of elements of  E ( M ) is contained in a
 circuit of  M .  It can be shown that  M  is connected if f its dual matroid  M * is connected .
 Thus the matroid Ramsey numbers  n ( k ,  l ) are symmetric in  k  and  l .  A connected
 matroid with at least two elements has neither loops nor coloops . The following
 connectivity result of Tutte [10] is used here .
 T HEOREM 5 .  Let e be an element of a connected matroid M . Then M  \  e or M  / e is
 connected .
 Let  B  be a base of  M  and let  e  P  E ( M )  \  B .  The  B - fundamental circuit  of  e  is denoted
 by  C ( e ,  B ) . The following result on fundamental circuit incidence matrices is used here
 (see [2] or [9]) .
 T HEOREM 6 .  Let M be a matroid and let B be a basis of M . If X is the B - fundamental
 circuit incidence matrix of M , then the transpose of X is the  ( E ( M )  2  B )- fundamental
 circuit incidence matrix of M * .
 We say that  M  is  extremal  with respect to  n ( k ,  l ) if it is connected , has  n ( k ,  l )  2  1
 elements and all circuits have fewer than  k  elements , while all cocircuits have fewer
 than  l  elements . The uniform matroid of rank  r  on  n  elements is denoted by  U r ,n .  This
 matroid has circuits of size  r  1  1 and cocircuits of size  n  2  r  1  1 if 0  ,  r  ,  n .
 2 .  E XISTENCE  AND S MALL V ALUES
 In this section , the existence of the numbers  n ( k ,  l ) is proved . Then some values of
 n ( k ,  l )  with  k  and  l  small are computed . The extremal matroids with respect to these
 values are then noted .
 The existence of the numbers  n ( k ,  l ) follows from the following argument due to
 Lova ´  sz , Schrijver and Seymour (see [7 , sect . 4 . 3 , ex . 11) .
 T HEOREM 7 .  Let k and l be positi y  e integers with k  1  l  >  3 . Let M be a connected
 matroid with all circuits ha y  ing fewer than k elements and all cocircuits ha y  ing fewer
 than l elemenmts . Then  u E ( M ) u  <  2 k 1 l 2 3 .
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 F IGURE 1 .
 P ROOF .  The proof is by induction on  k  1  l . Suppose that  k  1  l  5  3 . Then  k  or  l  is
 one . Hence  M  either has no circuits or has cocircuits and is connected . Thus
 u E ( M ) u  5  1  5  2 k 1 l 2 3 .
 Assume that  k  1  l  .  3 and that the result holds for smaller values of this sum .
 Suppose that  rM  <  ( 1 – 2 )  u E ( M ) u  and let  B  be a base of  M .  By Theorem 5 , we may
 successively delete or contract every element of  B  from  M  to obtain a connected minor
 N  or  M  with ground set  E ( M )  \  B .  The base  B  meets every cocircuit of  M  and thus all
 cocircuits of  N  have fewer than  l  2  1 elements . By the induction hypothesis ,
 u E ( M ) u  <  2  ?  u E ( N ) u  <  2  ?  2 k 1 ( l 2 1) 2 3  5  2 k 1 l 2 3 .  If  rM *  <  ( 1 – 2 )  u E ( M ) u ,  then the result holds
 by a dual argument .  h
 The previous theorem leads immediately to an upper bound for  n ( k ,  l ) of 2 k 1 l 2 3  1  1
 as  n (1 ,  1)  5  1 .  We next compute all values  n ( k ,  l ) for  k  or  l  at most four . We will use
 these values and the recursion formula of Theorem 3(a) to find a sharper upper bound
 for the matroid Ramsey numbers .
 For each triple of positive integers  x , y  and  z , let  L ( x ,  y ,  z ) denote the cycle matroid
 of the graph which consists of a triangle with the three edges of the triangle in parallel
 classes of size  x , y  and  z , respectively . Euclidean representations for the matroids
 L (1 ,  1 ,  2)  and  U 2 , 4 are given in Figure 1 .
 T HEOREM 8 .  Let l be a positi y  e integer . Then :
 (a)  n (1 ,  1)  5  1 , n (1 ,  l )  5  2  for l  >  2 .
 (b)  n (2 ,  l )  5  2  if l  >  2 .
 (c)  n (3 ,  l )  5  l if l  >  3 .
 (d)  Suppose that l  >  4 . Then n (4 ,  l )  5  ( 3 – 2 ) l  2  (
 1 – 2 )  if l is odd , and n (4 ,  l )  5  (
 3 – 2 ) l  2  1  if l is
 e y  en .
 P ROOF .  Let  N  be a connected matroid .
 (a)  Suppose that  M  has one element and no circuits . Then  M  consists of a coloop
 and hence  M  has a one element cocircuit . Thus  n (1 ,  1)  5  1 .  Suppose that  l  >  2 .  The
 matroid  U 1 , 1 has only a one element cocircuit and no circuits . Thus  n (1 ,  l )  >  2 .  A
 connected matroid with no circuits has at most one element . Thus  n (1 ,  l )  5  2 .
 (b)  Suppose that  l  >  2 .  The matroid  U 0 , 1 has only a one-element circuit and no
 cocircuits . Thus  n (2 ,  l )  >  2 .  Suppose that  M  has no circuits with two or more elements .
 Then , as  M  is connected ,  u E ( M ) u  5  1 .  Hence  n (2 ,  l )  5  2 .
 (c)  Suppose that  l  >  3 .  The circuits and cocircuits of  U 1 ,l 2 1 have size 2 and  l  2  1 ,
 respectively . Thus  n (3 ,  l )  >  l .  Suppose that  M  has  l  elements and no circuits with there
 or more elements . Then , as  M  is connected , all elements of  M  are in a single parallel
 class . Thus  M  .  U 1 , l  .  Hence  M  has an  l -element cocircuit . Thus  n (3 ,  l )  5  l .
 (d)  Suppose that  l  >  4 and  M  is extremal with respect to  n (4 ,  l ) .  From considering
 U 2 , l  we see that  n (4 ,  l )  >  l  1  1 .  Thus  u E ( M ) u  >  l  5  n (3 ,  l ) .  It follows that  M  has a
 three-element circuit  T .
 Let  x  P  T .  Suppose that  cl ( T  )  ?  E ( M ) .  Let  y  P  E ( M )  \  cl ( T  ) .  Let  C  be a circuit of  M
 containing  x  and  y .  The circuit  C  cannot have two elements , as  y  ¸  cl ( t ) .  Thus  u C u  5  3 .
 It follows that  M  has a restriction which is a parallel connection of the lines  C  and  T
 across  x  (see [1 , section 7 . 6] . Thus  C  <  T  2  x  is a four-element circuit of  M ; a
 contradiction . Thus  cl ( T  )  5  E ( M ) and  rM  5  2 .
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 The hyperplanes of  M  are the rank one parallel classes . The cocircuits of  M  are the
 complements of these parallel classes . Each cocircuit of  M  has fewer than  l  elements .
 Thus each parallel class of  M  contains at least  u E ( M ) u  2  l  1  1 elements .
 Assume that  l  5  2 n  1  1 for some positive integer  n .  Then  L ( n ,  n ,  n ) has 3 n  elements
 with all cocircuits having 2 n  ,  l  elements and all circuits having fewer than four
 elements . Thus  u E ( M ) u  >  3 n . Suppose that  u E ( M ) u  >  3 n  1  1 .  Then each parallel class of
 M  contains at least 3 n  1  1  2  (2 n  1  1)  1  1  5  n  1  1 elements . There are at least two
 parallel classes not containing  x  corresponding to the elements of  T  2  x .  Thus  M  has at
 least 2 n  1  2  .  l  elements not in the closure of  x ; a contradiction . Thus  u E ( M ) u  5  3 n  and
 n ( k ,  l )  5  3 n  1  1  5  3( l  2  1– 2  )  1  1  5  (
 3 – 2 ) l  2  (
 1 – 2 ) .
 Assume that  l  5  2 n  for some integer  n  >  2 .  The matroid  L ( n  2  1 ,  n  2  1 ,  n ) has 3 n  2  2
 elements and no cocircuits with  l  or more elements . Thus  u E ( m ) u  >  3 n  2  2 .  Suppose that
 u E ( M ) u  >  3 n  2  1 .  Then each parallel class of  M  contains at least (3 n  2  1)  2  (2 n )  1  1  5  n
 elements . Thus there are at least 2 n  5  l  elements of  M  not in the closure of  x  ; a
 contradiction . Thus  u E ( M ) u  5  3 n  2  2 and  n ( k ,  l )  5  3 n  2  1  5  ( 3 – 2 ) l  2  1 .  h
 Theorem 8 shows that the recursion inequality of Theorem 3(a) can be sharp . For
 example , if  k  5  3 and  l  >  4 ,  then
 n (2 ,  l )  1  n (3 ,  l  2  1)  2  1  5  2  1  ( l  2  1)  2  1  5  l  5  n (3 ,  l ) .
 Notice that this equality does not contradict the strict inequality of Theorem 3(b) .
 This is because  n (2 ,  l ) and  n (3 ,  l  2  1) even implies that  l  2  1 is even . Thus  k  5  3 and  l
 have the same parity .
 The proof of Theorem 8 can also be adapted to find the extremal matroids for the
 values  n ( k ,  l ) with  k  or  l  at most four . These matroids are unique unless  k  5  2 and  l  >  2
 or  k  5  l  5  4 .  We note these extremal matroids next .
 C OROLLARY 9 .  Let M be a connected matroid and let l be a positi y  e integer . Then :
 (a)  If M is extremal with respect to n (1 ,  l ) , then M  .  U 0 , 0  .
 (b)  If M is extremal with respect to n (2 ,  l )  and l  >  2 , then M  .  U 0 , 1  or M  .  U 1 , 1  .
 (c)  If M is extremal with respect to n (3 ,  l )  and l  >  3 , then M  .  U 1 , l 2 1  .
 (d)  Suppose that M is extremal with respect to n (4 ,  l ) . If l  5  4 , then M  .  L (1 ,  1 ,  2)  or
 M  .  U 2 , 4  . If l  5  2 n for some integer n  >  3 , then M  .  L ( n  2  1 ,  n  2  1 ,  n ) . If l  5  2 n  1  1  for
 some integer n  >  2 , then M  .  L ( n ,  n ,  n ) .
 3 .  T HE M AIN T HEOREM
 Theorem 3 is proved in this section . A geometric argument is used to compute
 n (5 ,  5) .  Then an upper bound for  n (5 ,  l ) is derived .
 P ROOF  OF T HEOREM 3 .  Let  M  be a connected matroid which is extremal with respect
 to  n ( k ,  l ) .
 (a)  Suppose that  k  >  2 and  l  >  2 .  Assume that  B  is a basis of  M  with  u B u  >
 n ( k  2  1 ,  l ) .  From using Theorem 5 we obtain that there exists a connected minor  N  of
 M  with ground set  B .  Thus  N  has either a circuit with at least  k  2  1 elements or a
 cocircuit with at least  l  elements , since  u E ( N ) u  >  n ( k  2  1 ,  l ) .  The matroid  M  has all
 circuits having fewer than  k  elements and all cocircuits having fewer than  l  elements . It
 follows from Lemma 4 that  N  has a ( k  2  1)-element circuit  C  which is also a circuit of
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 M .  This is a contradiction , as  C  Ô  B .  Thus  rM  <  n ( k  2  1 ,  l )  2  1 and , likewise ,
 rM *  <  n ( k ,  l  2  1)  2  1 .  It follows that
 n ( k ,  l )  5  u E ( M ) u  1  1  5  rM  1  rM *  1  1  <  n ( k  2  1 ,  l )  1  n ( k ,  l  2  1)  2  1 .
 (b)  Suppose that  k  >  3 , l  >  3 and both  n ( k  2  1 ,  l ) and  n ( k ,  l  2  1) are even , with  k
 and  l  having dif ferent parity . By Theorem 3(a) ,  u E ( M ) u  <  n ( k  2  1 ,  l )  1  n ( k ,  l  2  1)  2  2 .
 Assume that  u E ( M ) u  5  n ( k  2  1 ,  l )  1  n ( k ,  l  2  1)  2  2 .  It follows from the proof of
 Theorem 3(a) that  rM  <  n ( k  2  1 ,  l )  2  1 and  rM *  <  n ( k ,  l  2  1)  2  1 .  Thus  rM  5  n ( k  2
 1 ,  l )  2  1  and  rM *  5  n ( k ,  l  2  1)  2  1 .
 Let  B  be a basis of  M  and let  e  P  E ( M )  \  B .  By Theorem 5 there exists a connected
 minor  N  of  M  with ground set  B  <  e .  By Lemma 4 ,  N  contains a ( k  2  1)-element circuit
 C  which is also a circuit of  M ,  as  u E ( N ) u  5  n ( k  2  1 ,  l ) .  Evidently ,  C  is the  B -
 fundamental circuit of  e ,  as  C  Ô  B  <  e .  Thus  u C ( e ,  B ) u  5  u C u  5  k  2  1 .  Moreover , every
 B -fundamental circuit has  k  2  1 elements . Let  X  be the  B -fundamental circuit
 incidence matrix of  M .  Then every column of  X  contains exactly  k  2  2 ones . By duality
 and Theorem 6 , every row of  X  contains exactly  l  2  2 ones . The matrix  X  has  rM  rows
 and  rM * columns . By counting ones in  X  we obtain that ( rM )  ?  ( l  2  2)  5  ( rM *)  ?  ( k  2
 2) .  Thus [ n ( k  2  1 ,  l )  2  1]  ?  ( l  2  2)  5  [ n ( k ,  l  2  1)  ?  ( k  2  2) .  However ,  n ( k  2  1 ,  l )  2  1 and
 n ( k ,  l  2  1)  2  1  both odd imply that  k  and  l  have the same parity ; a contradiction . Thus
 n ( k ,  l )  5  u E ( M ) u  1  1  ,  n ( k  2  1 ,  l )  1  n ( k ,  l  2  1)  2  1 .
 (c)  This part is proved by induction on  k  1  l .  Suppose that  k  5  4 .  If  l  5  4 ,  then
 n ( k ,  l )  5  5  5  ( k  1  l  2  4 k  2  2  )  2  1 .  Assume that  l  >  5 .  By Theorem 8(d) ,  n ( k ,  l )  <  ( 3 – 2 ) l  2  ( 1 – 2 ) .
 Also , ( k  1  l  2  4 k  2  2  )  2  1  5  ( 1 – 2 ) l 2  2  ( 1 – 2 ) l  2  1 .  Hence  n ( k ,  l )  <  ( k  1  l  2  4 l  2  2  )  2  1 as  l 2  2  4 l  2  1  >  0 for
 l  >  5 .  Similarly , the result holds if  l  5  4 .
 Suppose that  k  and  l  exceed four and the result holds for smaller values of  k  1  l .  By
 Theorem 3(a) ,  n ( k ,  l )  <  ( k  1  l  2  5 k  2  3  )  2  1  1  ( k  1  l  2  5 k  2  2  )  2  1  2  1  <  ( k  1  l  2  4 k  2  2  )  2  1 .  h
 T HEOREM 10 .  n (5 ,  5)  5  9 .
 P ROOF .  Each circuit and cocircuit of the eight-element rank four binary af fine
 geometry  AG (3 ,  2) has four elements . Thus  n (5 ,  5)  >  9 .  This also follows from
 considering the graph  G  consisting of two vertices joined by four internally disjoint
 paths of length two , or the dual of  G .
 Let  M  be a nine-element connected matroid , with all circuits and cocircuits of  M
 having fewer than five elements . From applying Lemma 4 , Theorem 5 and  n (4 ,  5)  5  7 ,
 we obtain that  M  has a four-element circuit  C  5  h a ,  b ,  c ,  d j .  By duality ,  M  also has a
 four-element cocircuit . Thus  rM  >  3 and  rM *  >  3 .
 Suppose that  rM  5  3 .  Then  M  contains a set of six distinct lines  +  , determined by
 h ab j ,  h ac j ,  h ad j ,  h bc j ,  h bd j  and  h cd j .  Each line in  +  is a hyperplane of  M .  Thus each line
 of  +  must contain at least five elements , as  M  has no cocircuits with five or more
 elements . Hence there are at least 6  ?  5  5  30 pairs ( l ,  e ) ,  where  l  P  +  and  e  P  l .  Thus
 some element  z  of  M  is in at least four lines of  +  , as  u E ( M ) u  5  9 .  By the pigeonhole
 principle ,  z  is in  cl ( ab )  >  cl ( ad ) , cl ( bc )  >  cl ( bd ) or  cl ( ac )  >  cl ( cd ) .  It follows that  z  is in
 parallel with  a ,  b  or  c  in  M .  Hence  z  is in exactly three lines of  + ; a contradiction . Thus
 rM  >  4 and , likewise ,  rM *  >  4 .  We may assume , without loss of generality , that  rM  5  4
 and  rM *  5  5 .
 Let  x  P  E ( M )  2  cl ( C ) .  Suppose that  x  is in a triangle  T  of  M  which meets  C .  Then
 x  ¸  cl ( C )  implies that  u C  >  T  u  ?  2 .  Thus  u C  >  T  u  5  1 ,  and  C  and  T  form a parallel
 connection (see [1 ,  (7 . 6 . 6)]) . Hence ( C  <  T  )  2  ( C  <  T  ) forms a five-element circuit ; a
 contradiction . Thus  x  this is no triangle which meets  C .  Moreover , we obtain the
 following useful observation .




 F IGURE 2 .
 L EMMA 11 .  If C 1  is a four - element circuit of M and x 1  P  E ( M )  2  cl ( C 1 ) , then x 1  is in
 no triangle of M which meets C 1 .
 Let  C 1 be a circuit of  M  which contains  d  and  x .  It follows from Lemma 11 and that
 x  ¸  cl ( C )  that  u C 1 u  5  4 .  Moreover , there exists  y  P  C 1  2  h cl ( C )  <  x j .  There exists a
 circuit  D  of  M  contained in  h a ,  b ,  c ,  x ,  y j  as  rM  5  4 . Evidently ,  x  and  y  are in  D  as  x  and
 y  are not in  cl ( C ) .  By Lemma 11 ,  u D u  5  4 .  It follows that we may assume , without loss
 of generality , that  h a ,  b ,  x ,  y j  is a circuit of  M .  Hence there exists a circuit  D 1 of  M
 which is contained in [ h a ,  b ,  x ,  y j  <  C ]  2  a  5  h b ,  c ,  d ,  x ,  y j .  If  c  ¸  D 1  ,  then there exists a
 circuit contained in [ h a ,  b ,  x ,  y j  <  h b ,  d ,  x ,  y j ]  2  y  5  h a ,  b ,  d ,  x j ; a contradiction . Thus
 c  P  D 1  and , likewise ,  d  P  D 1 .  Thus  D 1  5  h c ,  d ,  x ,  y j  (See Figure 2) .
 Let  3  denote the hyperplanes of  M  determined by  abxy , cdxy , abcd , acx , acy , adx ,
 ady , bcx , bcy , bdx  and  bdy .  One can check that these form a set of 11 distinct
 hyperplanes of  M .  Thus there are at least 11  ?  5  5  55 pairs ( P ,  e ) such that  P  P  3  and
 e  P  P .  Hence there exists  z  P  E ( M ) which is in at least seven hyperplanes of  P ,  as
 u E ( M ) u  5  9 .  By the pigeonhole principle ,  z  is in at least one of the flats  cl ( acx )  >
 cl ( acy ) , cl ( adx )  >  cl ( ady ) , cl ( bcx )  >  cl ( bcy ) , cl ( bdx )  >  cl ( bdy ) and  cl ( abxy )  >
 cl ( cdxy )  >  cl ( abcg ) .  The element  z  s not in parallel with  a , b , c  or  d , as these elements
 are only in six hyperplanes of  3 . Thus  z  P  cl ( acx )  >  cl ( acy ) would imply that  h a ,  c ,  z j  is
 a triangle of  M .  However , this contradicts Lemma 11 , as the triangle  h a ,  c ,  z j  meets the
 four circuit  h a ,  b ,  x ,  y j  in one element , and one can show that  c  ¸  cl ( a ,  b ,  x ,  y ) because
 x  ¸  cl(C) . Thus  z  is not in  cl ( acx )  >  cl ( acy ) .  By symmetry ,  z  is not in  cl ( adx )  >  cl ( ady ) ,
 cl ( bcx )  >  cl ( bcy ) or  cl ( bdx )  >  cl ( bdy ) ,  as this would force  z  to be in a triangle  T
 meeting the circuit  h a ,  b ,  x ,  y j  and  T  would contain either  c  or  d ,  neither of which is in
 the closure of  h a ,  b ,  x ,  y j .  This would contradict Lemma 11 . Thus  z  P  cl ( abxy )  >
 cl ( cdxy )  >  cl ( abcd )  5  cl ( xy )  >  cl ( abcd ) .  This forces  h x ,  y ,  z j  to be a triangle . There
 exists a circuit  D 2  Ô  h a ,  b ,  c ,  z j  with  z  P  D 2 as  z  P  cl ( C ) .  If  u D 2 u  5  4 ,  then the triangle  xyz
 meets  D 2  ,  as  x  is not in the closure of  D 2  .  This contradicts Lemma 11 . Thus  u D 2 u  5  3 .
 Hence  abz , acz  or  bcz  is a triangle of  M .  However ,  acz  or  bcz  a triangle of  M  would
 imply by circuit elimination with  xyz  that  acxy  or  bcxy  is dependent ; a contradiction .
 Thus  abz  is a triangle . This implies that  cdz  is also a triangle and  M  3  h a ,  b ,  c ,  d ,  x ,  y ,  z j
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 In this case  z  is only in the three hyperplanes of  3  determined by  abxy , cdxy  and
 abcd ; a contradiction . Thus  n (5 ,  5)  5  9 .  h
 We conclude with an upper bound for  n (5 ,  l ) .  This upper bound is reminiscent of the
 Ramsey number upper bound  r (3 ,  n )  <  ( n
 2  1  n– 2  ) for  n  an integer exceeding two (see
 [3 ,  (11 . 8)]) .
 T HEOREM 12 .  Let l be a positi y  e integer exceeding four . Then :
 (a)  if l is odd , then n (5 ,  l )  <  ( 3 – 4 ) l
 2  2  l  2  ( 3 – 4 ) ;
 (b)  if l is e y  en , then n (5 ,  l )  <  ( 3 – 4 ) l
 2  2  l  2  1 .
 P ROOF .  The proof is by induction on  l .  Suppose that  l  5  5 .  Then  n (5 ,  5)  5  9  <  13  5
 ( 3 – 4 ) l
 2  2  l  2  ( 3 – 4 ) .  Suppose that  l  5  6 .  By Theorems 3(a) and 8(d) ,  n (5 ,  6)  <  n (5 ,  5)  1
 n (4 ,  6)  2  1  5  16  <  20  5  ( 3 – 4 ) l
 2  2  l  2  1 .  Assume that  l  .  6 and the result holds for smaller
 values . Suppose that  l  is odd . Then
 n (5 ,  l )  <  n (4 ,  l )  1  n (5 ,  l  2  1)  2  1
 <  ( 3 – 2 ) l  2  (
 1 – 2 )  1  (
 3 – 4 )( l  2  1)
 2  2  (  2  1)  2  1  2  1  5  ( 3 – 4 ) l
 2  2  l  2  ( 3 – 4 ) .
 Suppose that  l  is even . Then
 n (5 ,  l )  <  n (4 ,  l )  1  n (5 ,  l  2  1)  2  1
 <  ( 3 – 2 ) l  2  1  1  (
 3 – 4 )( l  2  1)
 2  2  ( l  2  1)  2  ( 3 – 4 )  2  1  5  (
 3 – 4 ) l
 2  2  l  2  1 .  h
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